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Abstract: In this paper, we present the greatest values α, λ and p, and
the least values β, µ and q such that the double inequalities αD(a, b) +
(1 − α)H(a, b) < T (a, b) < βD(a, b) + (1 − β)H(a, b), λD(a, b) + (1 −
λ)H(a, b) < C(a, b) < µD(a, b)+(1−µ)H(a, b) and pD(a, b)+(1−p)H(a, b) <
Q(a, b) < qD(a, b) + (1 − q)H(a, b) hold for all a, b > 0 with a 6= b, where
H(a, b) = 2ab/(a+ b), T (a, b) = (a− b)/[2 arctan((a− b)/(a+ b))], Q(a, b) =√
(a2 + b2)/2, C(a, b) = (a2 + b2)/(a + b) and D(a, b) = (a3 + b3)/(a2 + b2)
are the harmonic, Seiffert, quadratic, first contraharmonic and second con-
traharmonic means of a and b, respectively.
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1 Introduction
For a, b > 0 with a 6= b the harmonic mean H(a, b), Seiffert mean
T (a, b), quadratic mean Q(a, b), first contraharmonic mean C(a, b) and sec-
ond contraharmonic mean D(a, b) are defined by H(a, b) = 2ab/(a + b),
T (a, b) = (a−b)/[2 arctan((a−b)/(a+b))], Q(a, b) =
√
(a2 + b2)/2, C(a, b) =
(a2 + b2)/(a + b) and D(a, b) = (a3 + b3)/(a2 + b2), respectively. Recently,
the harmonic, Seiffert, quadratic, first contraharmonic and second contra-
harmonic means have attracted the attention of many mathematicians. In
particular, many remarkable inequalities for these means can be found in the
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literature [1-28]. Let G(a, b) =
√
ab, L(a, b) = (a−b)/(log a− log b), I(a, b) =
1/e(bb/aa)1/(b−a), A(a, b) = (a + b)/2, and Mp(a, b) = [(a
p + bp)/2]1/p(p 6= 0)
and M0(a, b) =
√
ab be the geometric, logarithmic, identric, arithmetic and
p-th powers means of a and b, respectively. Then it is well known that the
inequalities
H(a, b) =M−1(a, b) < G(a, b) = M0(a, b) < L(a, b) < I(a, b)
< A(a, b) =M1(a, b) < T (a, b) < Q(a, b) = M2(a, b) < C(a, b) < D(a, b)
hold for all a, b > 0 with a 6= b.
For all a, b > 0 with a 6= b Seiffert [29] established the double in-
equality A(a, b) < T (a, b) < Q(a, b). Ha¨sto¨ [30] proved that the function
T (1, x)/Mp(1, x) is increasing in [1,∞) if p ≤ 1. Chu et al. [31] gave the
greatest values α and λ, and the least values β and µ such that the double
inequalities αQ(a, b) + (1 − α)A(a, b) < T (a, b) < βQ(a, b) + (1 − β)A(a, b)
and Qλ(a, b)A1−λ(a, b) < T (a, b) < Qµ(a, b)A1−µ(a, b) hold for all a, b > 0
with a 6= b.
For α1, α2, β1, β2 ∈ (0, 1/2), Chu et al. [32, 33] proved that the double
inequalities
Q(α1a+(1−α1)b, α1b+(1−α1)a) < T (a, b) < Q(β1a+(1−β1)b, β1b+(1−β1)a)
and
C(α2a+(1−α2)b, α2b+(1−α2)a) < T (a, b) < C(β2a+(1−β2)b, β2b+(1−β2)a)
hold for all a, b > 0 with a 6= b if and only if α1 ≤ (1 +
√
16/pi2 − 1)/2,
β1 ≥ (3 +
√
6)/6, α2 ≤ (1 +
√
4/pi − 1)/2 and β2 ≥ (3 +
√
3)/6.
In [34] Neuman proved that the double inequalities
αQ(a, b) + (1− α)A(a, b) < NS(a, b) < βQ(a, b) + (1− β)A(a, b)
and
λC(a, b) + (1− λ)A(a, b) < NS(a, b) < µC(a, b) + (1− µ)A(a, b)
hold for all a, b > 0 with a 6= b if and only if α ≤ [1 − log(1 +√2)]/[(√2 −
1) log(1 +
√
2)] = 0.3249 · · · , β ≥ 1/3, λ ≤ [1− log(1 +√2)]/ log(1 +√2) =
0.1345 · · · and β ≥ 1/6, where
NS(a, b) =
a− b
2sinh−1 [(a− b)/(a+ b)] .
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It is the aim of this paper to present the greatest values α, λ and p, and
the least values β, µ and q such that the double inequalities
αD(a, b) + (1− α)H(a, b) < T (a, b) < βD(a, b) + (1− β)H(a, b)
λD(a, b) + (1− λ)H(a, b) < C(a, b) < µD(a, b) + (1− µ)H(a, b)
and
pD(a, b) + (1− p)H(a, b) < Q(a, b) < qD(a, b) + (1− q)H(a, b)
hold for all a, b > 0 with a 6= b.
2 Lemmas
In order to prove our main results we need several lemmas, which we
present in this section.
Lemma 2.1. Let f1(t) = (pi
2 − pi − 4)t6 − 2pi(5 − pi)t5 − 3pi(5 − pi)t4 −
4(5pi− pi2− 2)t3− 3pi(5− pi)t2− 2pi(5− pi)t+ (pi2− pi− 4). Then there exists
λ0 > 1 such that f1(t) < 0 for t ∈ [1, λ0) and f1(t) > 0 for t ∈ (λ0,+∞).
Proof. Simple computations lead to
f1(1) = −8pi(9− 2pi) < 0, lim
t→+∞
f1(t) = +∞, (2.1)
f1
′(t) = 6(pi2 − pi − 4)t5 − 10pi(5− pi)t4 − 12pi(5− pi)t3
−12(5pi − pi2 − 2)t2 − 6pi(5− pi)t− 2pi(5− pi),
f1
′(1) = −24pi(9− 2pi) < 0, lim
t→+∞
f1
′(t) = +∞, (2.2)
f1
′′(t) = 30(pi2−pi−4)t4−40pi(5−pi)t3−36pi(5−pi)t2−24(5pi−pi2−2)t−6pi(5−pi).
f1
′′(1) = −8(70pi + 9− 17pi2) < 0, lim
t→∞
f1
′′(t) = +∞, (2.3)
f1
′′′(t) = 120(pi2− pi − 4)t3 − 120pi(5− pi)t2 − 72pi(5− pi)t− 24(5pi− pi2 − 2),
f1
′′′(1) = −48(25pi + 9− 7pi2) < 0, lim
t→∞
f1
′′′(t) = +∞, (2.4)
f1
(4)(t) = 360(pi2 − pi − 4)t2 − 240pi(5− pi)t− 72pi(5− pi),
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f1
(4)(1) = −96(20pi + 15− 7pi2) < 0, lim
t→∞
f1
(4)(t) = +∞, (2.5)
f1
(5)(t) =720(pi2 − pi − 4)t− 240pi(5− pi) > 720(pi2 − pi − 4)− 240pi(5− pi)
=960(pi + 1)(pi − 3) > 0 (2.6)
for t > 1.
Inequality (2.6) implies that f1
(4)(t) is strictly increasing in [1,+∞). Then
from (2.5) we clearly see that there exists λ1 > 1 such that f1
(4)(t) < 0
for t ∈ [1, λ1) and f1(4)(t) > 0 for t ∈ (λ1,+∞). Hence f1′′′(t) is strictly
decreasing in [1, λ1] and strictly increasing in [λ1,+∞).
It follows from (2.4) and the piecewise monotonicity of f1
′′′(t) that there
exists λ2 > λ1 > 1 such that f1
′′(t) is strictly decreasing in [1, λ2] and strictly
increasing in [λ2,+∞).
From (2.3) and the piecewise monotonicity of f1
′′(t) we clearly see that
there exists λ3 > λ2 > 1 such that f1
′(t) is strictly decreasing in [1, λ3] and
strictly increasing in [λ3,+∞).
The piecewise monotonicity of f ′(t) and (2.2) lead to the conclusion that
there exists λ4 > λ3 > 1 such that f1(t) is strictly decreasing in [1, λ4] and
strictly increasing in [λ4,+∞).
Therefore, Lemma 2.1 follows from (2.1) and the piecewise monotonicity
of f1(t).
Lemma 2.2. Let c ∈ (0, 1), t > 1 and
fc(t) =
t4 − 1
ct4 + (2− c)t3 + (2− c)t + c − 2 arctan
(
t− 1
t + 1
)
. (2.7)
Then f4/9(t) > 0 and f2/pi(t) < 0 for all t > 1.
Proof. From (2.7) one has
fc(1) = 0, (2.8)
lim
t→+∞
fc(t) =
1
c
− pi
2
, (2.9)
fc
′(t) =
gc(t)
(t2 + 1)[ct4 + (2− c)t3 + (2− c)t+ c]2 , (2.10)
where
gc(t) =(2− 2c2 − c)t8 − 4c(2− c)t7 + 2c(2− c)t6 + 4c2t5 − 2(4c2 − 5c+ 2)t4
+ 4c2t3 + 2c(2− c)t2 − 4c(2− c)t+ 2− 2c2 − c. (2.11)
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We divide the proof into two cases.
Case 1 c = 4/9. Then (2.11) becomes
g4/9(t) =
2
81
(47t8 − 112t7 + 56t6 + 32t5 − 46t4 + 32t3 + 56t2 − 112t+ 47)
=
2
81
(t− 1)4(47t4 + 76t3 + 78t2 + 76t+ 47) > 0 (2.12)
for t > 1.
Therefore, f4/9(t) > 0 for t > 1 follows easily from (2.8) and (2.10)
together with (2.12).
Case 2 c = 2/pi. Then (2.9) and (2.11) lead to
lim
t→+∞
fc(t) = lim
t→+∞
f2/pi(t) = 0, (2.13)
g2/pi(t) =
2
pi2
[(pi2 − pi − 4)t8 − 8(pi − 1)t7 + 4(pi − 1)t6 + 8t5 − 2(pi2 − 5pi + 8)t4
+ 8t3 + 4(pi − 1)t2 − 8(pi − 1)t+ pi2 − pi − 4]
=
2(t− 1)2
pi2
f1(t), (2.14)
where f1(t) is defined as in Lemma 2.1.
From (2.1) and (2.14) together with Lemma 2.1 we clearly see that f2/pi(t)
is strictly decreasing in [1, λ0] and strictly increasing in [λ0,+∞).
Therefore, f2/pi(t) < 0 for t > 1 follows from (2.8) and (2.13) together
with the piecewise monotonicity of f2/pi(t).
Lemma 2.3. Let t > 1 and
g(t) =
(t2 + 1)[(t+ 1)
√
t2 + 1− 2√2t]
(t2 + t + 1)(t− 1)2 . (2.15)
Then g(t) is strictly increasing from (1,∞) onto (√2/2, 1).
Proof. From (2.15) we get
lim
t→1+
g(t) =
√
2
2
, lim
t→+∞
g(t) = 1. (2.16)
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Let t = tanx, u = sin x + cosx. Then x ∈ (pi/4, pi/2), u ∈ (1,√2) and
(2.15) becomes
g(t) =
sin x+ cos x−√2 sin(2x)
(1 + sin(2x)/2)(1− sin(2x))
=
sin x+ cosx−√2[(sin x+ cosx)2 − 1]
{1 + [(sin x+ cosx)2 − 1]/2}[2− (sin x+ cosx)2]
=
2(u−√2u2 +√2)
−u4 + u2 + 2 , h(u). (2.17)
Equation (2.17) leads to
h′(u) =
−4√2u5 + 6u4 + 8√2u3 − 2u2 − 12√2u+ 4
(−u4 + u2 + 2)2
=
−4√2(u−√2)2
(−u4 + u2 + 2)2
(
u3 +
5
√
2
4
u2 + u−
√
2
4
)
< 0. (2.18)
Note that x → sin x + cosx is strictly decreasing from (pi/4, pi/2) onto
(1,
√
2). Therefore, Lemma 2.3 follows easily from (2.16)-(2.18).
3 Main Results
Theorem 3.1. The double inequality
αD(a, b) + (1− α)H(a, b) < T (a, b) < βD(a, b) + (1− β)H(a, b) (3.1)
holds for all a, b > 0 with a 6= b if and only if α ≤ 4/9 and β ≥ 2/pi.
Proof. Since H(a, b), T (a, b) and D(a, b) are symmetric and homoge-
neous of degree 1. Without loss of generality, we assume that a > b. Let
t = a/b > 1 and c ∈ (0, 1). Then simple computations lead to
T (a, b)−H(a, b)
D(a, b)−H(a, b) =
(t2 + 1)
(
t2 − 4t arctan ( t−1
t+1
)− 1)
2(t− 1)2(t2 + t+ 1) arctan ( t−1
t+1
) , (3.2)
lim
t→1+
(t2 + 1)
(
t2 − 4t arctan ( t−1
t+1
)− 1)
2(t− 1)2(t2 + t+ 1) arctan ( t−1
t+1
) = 4
9
, (3.3)
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lim
t→+∞
(t2 + 1)
(
t2 − 4t arctan ( t−1
t+1
)− 1)
2(t− 1)2(t2 + t + 1) arctan ( t−1
t+1
) = 2
pi
, (3.4)
T (a, b)− [cD(a, b) + (1− c)H(a, b)]
= b
c(t + 1)(t3 + 1) + 2(1− c)t(t2 + 1)
2(t+ 1)(t2 + 1) arctan
(
t−1
t+1
) fc(t), (3.5)
where fc(t) is defined as in Lemma 2.2.
Therefore, inequality 4D(a, b)/9 + 5H(a, b)/9 < T (a, b) < 2D(a, b)/pi +
(1 − 2/pi)H(a, b) holds for all a, b > 0 with a 6= b follows from (3.5) and
Lemma 2.2.
Next, we prove that α = 4/9 and β = 2/pi are the best possible parameters
such that inequality (3.1) holds for all a, b > 0 with a 6= b.
If α > 4/9, then from (3.2) and (3.3) we know that there exists δ > 0 such
that T (a, b) < αD(a, b) + (1−α)H(a, b) for all a, b > 0 with a/b ∈ (1, 1+ δ).
If β < 2/pi, then (3.2) and (3.3) lead to the conclusion that there exists
T0 > 1 such that T (a, b) > βD(a, b) + (1 − β)H(a, b) for all a, b > 0 with
a/b ∈ (T0,∞).
Theorem 3.2. The double inequality
pD(a, b) + (1− p)H(a, b) < Q(a, b) < qD(a, b) + (1− q)H(a, b)
holds for all a, b > 0 with a 6= b if and only if p ≤ 1/2 and q ≥ √2/2.
Proof. Since H(a, b), Q(a, b) and D(a, b) are symmetric and homoge-
neous of degree 1. Without loss of generality, we assume that a > b. Let
t = a/b > 1, then
Q(a, b)−H(a, b)
D(a, b)−H(a, b) =
(t2 + 1)[(t + 1)
√
t2 + 1− 2√2t]√
2(t2 + t + 1)(t− 1)2 =
√
2
2
g(t), (3.6)
where g(t) is defined as in Lemma 2.3.
Therefore, Theorem 3.2 follows directly from (3.6) and Lemma 2.3.
Theorem 3.3. The double inequality
λD(a, b) + (1− λ)H(a, b) < C(a, b) < µD(a, b) + (1− µ)H(a, b)
holds for all a, b > 0 with a 6= b if and only if λ ≤ 2/3 and µ ≥ 1.
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Proof. Since H(a, b), C(a, b) and D(a, b) are symmetric and homoge-
neous of degree 1. Without loss of generality, we assume that a > b. Let
t = a/b > 1, then simple computations lead to
C(a, b)−H(a, b)
D(a, b)−H(a, b) =
t2 + 1
t2 + t + 1
, (3.7)
lim
t→1+
t2 + 1
t2 + t + 1
=
2
3
. (3.8)
lim
t→+∞
t2 + 1
t2 + t+ 1
= 1. (3.9)
Note that the function t → (t2 + 1)/(t2 + t + 1) is strictly increasing in
[1,∞). Therefore, Theorem 3.3 follows from (3.7)-(3.9) and the monotonicity
of the function t→ (t2 + 1)/(t2 + t + 1).
Acknowledgements. This research was supported by the Natural Sci-
ence Foundation of China under Grants 11071069 and 11171307, and the
Innovation Team Foundation of the Department of Education of Zhejiang
Province under Grant T200924.
References
[1] W. Gautschi, An harmonic mean inequality for the gamma function,
SIAM J. Math. Anal., 1974, 5: 278-281.
[2] H. Alzer, Inequalities for arithmetic, geometric and harmonic means,
Bull. London Math. Soc., 1990, 22(4): 362-366.
[3] H. Alzer, An inequality for arithmetic and harmonic means, Aequationes
Math., 1993, 46(3): 257-263.
[4] H. Alzer, A harmonic mean inequality for the gamma function, J. Com-
put. Appl. Math., 1997, 87(2): 195-198.
[5] Gh. Toader, Seiffert type means, Nieuw Arch. Wisk. (4), 1999, 17(3):
379-382.
[6] H. Alzer, On Gautsch’s harmonic mean inequality for the gamma func-
tion, J. Comput. Appl. Math., 2003, 157(1): 243-249.
8
[7] P. R. Mercer, Refined arithmetic, geometric and harmonic mean in-
equalities, Rocky Mountain J. Math., 2003, 33(4): 1459-1464.
[8] R. Sharma, Some inequalities for arithmetic mean, harmonic mean and
variance, J. Math. Inequal., 2008, 2(1): 109-114.
[9] Y.-M. Chu and W.-F. Xia, Two sharp inequalities for power mean, ge-
ometric mean, and harmonic mean, J. Inequal. Appl., 2009, Article ID
741923, 6 pages.
[10] Y.-M. Chu and W. F. Xia, Inequalities for generalized logarithmic
means, J. Inequal. Appl., 2009, Article ID 763252, 7 pages.
[11] Y.-M. Chu, Y.-F. Qiu, M.-K. Wang and G.-D. Wang, The optimal con-
vex combination bounds of arithmetic and harmonic means for the Seif-
fert’s mean, J. Inequal. Appl., 2010, Article ID 436457, 7 pages.
[12] Y.-M. Chu, M.-K. Wang and Y.-F. Qiu, An optimal double inequalities
between power-type Heron and Seiffert means, J. Inequal. Appl., 2010,
Article ID 146945, 11 pages.
[13] B.-Y. Long and Y.-M. Chu, Optimal power mean bounds for the
weighted geometric mean of classical means, J. Inequal. Appl., 2010,
Article ID 905679, 6 pages.
[14] Y.-M. Chu and B.-Y. Long, Best possible inequalities between gener-
alized logarithmic mean and classical means, Abstr. Appl. Anal., 2010,
Article ID 303286, 13 pages.
[15] Y.-M. Chu, M.-K. Wang, S.-L. Qiu and Y.-F. Qiu, Sharp generalized
Seiffert mean bounds for Toader mean, Abstr. Appl. Anal., 2011, Article
ID 605259, 8 pages.
[16] Y.-M. Chu, M.-K. Wang and Z.-K. Wang, A sharp double inequality
between harmonic and identric means, Abstr. Appl. Anal., 2011, Article
ID 657935, 7 pages.
[17] Y.-M. Chu and M.-K. Wang, Optimal inequalities between harmonic, ge-
ometric, logarithmic, and arithmetic-geometric means, J. Appl. Math.,
2011, Article ID 618929, 9 pages.
9
[18] Y.-M. Chu, M.-K. Wang and Z.-K. Wang, A best-possible double in-
equality between Seiffert and harmonic means, J. Inequal. Appl., 2011,
2011:94, 7 pages.
[19] Y.-M. Chu, S.-W. Hou and W.-M. Gong, Inequalities between logarith-
mic, harmonic, arithmetic and centroidal means, J. Math. Anal., 2011,
2(2): 1-5.
[20] Y.-M. Chu and B.-Y. Long, Sharp inequalities between means, Math.
Inequal. Appl., 2011, 14(3): 647-655.
[21] Y.-M. Chu, S.-S. Wang and C. Zong, Optimal lower power mean bounds
for the convex combination of harmonic and logarithmic means, Abstr.
Appl. Anal., 2011, Article ID 520648, 9 pages.
[22] S.-Q. Gao, Inequalities for the Seiffert’s means in terms of the identric
means, J. Math. Sci. Adv. Appl., 2011, 10(1-2): 23-31.
[23] H. Liu and X.-J. Meng, The optimal convex combination bounds for the
Seiffert’s mean, J. Inequal. Appl., 2011, Article ID 686834, 9 pages.
[24] Y.-M. Chu, C. Zong and G.-D. Wang, Optimal convex combination
bounds of Seiffert and geometric means for the arithmetic mean, J.
Math. Inequal., 2011, 5(3): 429-434.
[25] W.-F. Xia, W. Janous and Y.-M. Chu, The optimal convex combination
bounds of arithmetic and harmonic means in terms of power mean, J.
Math. Inequal., 2012, 6(2): 241-248.
[26] Y.-M. Chu, M.-K. Wang and S.-L. Qiu, Optimal combinations bounds of
root-square and arithmeitc means for Toader mean, Proc. Indian Acad.
Sci. Math. Sci., 2012, 122(1): 41-51.
[27] Y.-M. Chu, M.-K. Wang and Z.-K. Wang, Best possible inequalities
among harmonic, geometric, logarithmic and Seiffert means, Math. In-
equal. Appl., 2012, 15(2): 415-422.
[28] Y.-M. Chu, M.-K. Wang and G.-D. Wang, The optimal generalized loga-
rithmic mean bounds for Seiffert’s mean, Acta Math. Sci., 2012, 32B(4):
1619-1626.
10
[29] H.-J. Seiffert, Aufgabe β 16, Die Wurzel, 1995, 29: 221-222.
[30] P. A. Ha¨sto¨, A monotonicity property of ratios of symmetric homoge-
neous means, JIPAM. J. Inequal. Pure Appl. Math., 2002, 3(5), Article
71, 23 pages.
[31] Y.-M. Chu, M.-K. Wang and W.-M. Gong, Two sharp double inequali-
ties for Seiffert mean, J. Inequal. Appl., 2011, 2011:44, 7 pages.
[32] Y.-M. Chu, S.-W. Hou and Z.-H. Shen, Sharp bounds for Seiffert mean
in terms of root mean square, J. Inequal. Appl., 2012, 2012:11, 6 pages.
[33] Y.-M. Chu and S.-W. Hou, Sharp bounds for Seiffert mean in terms of
contraharmonic mean, Abstr. Appl. Anal., 2012, Article ID 425175, 6
pages.
[34] E. Neuman, A note on a certain bivariate mean, J. Math. Inequal., 2012,
6(4): 637-643.
11
